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Series

Let {an}∞n=1 is a sequence of real numbers. Denote An =
n∑
k=1

ak.If there

exists lim
n→∞

An = A, then we will write

A =
∞∑
n=1

an.

Definition

The series
∞∑
n=1

an is called convergent if A is finite, otherwise it is called

divergent.
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Series

Theorem

If
∞∑
n=1

an is convergent, then an → 0. The inverse is not true.

Proposition

If the series
∞∑
n=1

an and
∞∑
n=1

bn are convergent, then
∞∑
n=1

(an + bn) is

convergent too.

Theorem

The series
∞∑
n=1

an is convergent if and only if for every ε > 0 there exists

n0 ∈ N such that for every natural n ≥ n0 and m holds

|an+1 + . . .+ an+m| < ε.
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Series

Theorem

If an ≥ 0 for all n ∈ N then
∞∑
n=1

an is convergent or it is equal to +∞.

Theorem

If an, bn ≥ 0 and an ≤ bn for all n ∈ N then if
∞∑
n=1

bn is convergent, then

∞∑
n=1

an is convergent too.

Theorem

If an, bn ≥ 0 for all n ∈ N and lim
n→∞

an
bn

= K, 0 ≤ K <∞ then if
∞∑
n=1

bn is

convergent, then
∞∑
n=1

an is convergent too.
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Series

Theorem

Let an ≥ 0 for all n ∈ N and lim
n→∞

n
√
an = K. Then

1 if K < 1 then
∞∑
n=1

an is convergent,

2 if K > 1 then
∞∑
n=1

an is divergent.

Theorem

Let an ≥ 0 for all n ∈ N. Then

1 if lim
n→∞

an+1

an
< 1 then

∞∑
n=1

an is convergent,

2 if lim
n→∞

an+1

an
> 1 then

∞∑
n=1

an is divergent.

V. Mikayelyan Math for ML August 18, 2020 5 / 12



Series

Theorem

Let an ≥ 0 for all n ∈ N and lim
n→∞

n
√
an = K. Then

1 if K < 1 then
∞∑
n=1

an is convergent,

2 if K > 1 then
∞∑
n=1

an is divergent.

Theorem

Let an ≥ 0 for all n ∈ N. Then

1 if lim
n→∞

an+1

an
< 1 then

∞∑
n=1

an is convergent,

2 if lim
n→∞

an+1

an
> 1 then

∞∑
n=1

an is divergent.

V. Mikayelyan Math for ML August 18, 2020 5 / 12



Indefinite Integral

Definition

Let f : X → R and X is an interval. F is called antiderivative of f if
F ′ = f .

Proposition

If F1 and F2 are antiderivatives of f , then there exists a constant C such
that F1 = F2 + C.

Definition

The set of all antiderivatives of function f is called indefinite integral of f :∫
f (x) dx = F (x) + C.
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Indefinite Integral

Properties

1

∫
af (x) dx = a

∫
f (x) dx,

a > 0

2

∫
(f (x) + g (x)) dx =

∫
f (x) dx+

∫
g (x) dx

3 If the functions f (t) and ϕ′ (x) are continuous on the intervals T and
X respectively and ϕ (X) ⊂ T then∫

f (ϕ (x))ϕ′ (x) dx = F (ϕ (x)) + C.

4 If f, g ∈ C1 (X), then ∫
fdg = fg −

∫
gdf.
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Definite Integral

Definition

The set of points P = {x0, x1, . . . , xn} is called a partition of the segment
[a, b], if a = x0 < x1 < . . . < xn = b.

Denote ∆xi = xi+1 − xi,
i = 0, . . . , n− 1. λ = max

0≤i<n
∆xi is called diameter of the partition P .

Definition

Let f : [a, b]→ R and ξi ∈ [xi, xi+1], i = 0, . . . , n− 1. The sum

σ =
n−1∑
i=0

f (ξi) ∆xi is called Riemann integral sum.
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Definite Integral

Definition

We will say that σ tends to I, when λ→ 0 if for every ε > 0 there exists
δ > 0 such that for any partition with diameter satisfying to λ < δ and for
every Riemann inegral sum σ corresponding to that partitions holds
|σ − I| < ε.

We will denote I =

b∫
a

f (x) dx.

Theorem

If f ∈ R [a, b], then it is bounded. The inverse is not true.
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Definite Integral

Example

Dirichlet function is bounded but not integrable

D (x) =

{
0, x ∈ Q ∩ [0, 1] ,

1, x /∈ Q ∩ [0, 1] .

Taking ξi ∈ Q for all i, we will have σ = 0 and in the case of ξi /∈ Q for all
i we will have σ = 1.
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Supremum, Infimum

Let X ⊂ R.

Definition

a ∈ R is called a lower (an upper) bound for X, if a ≤ x (a ≥ x) for all
x ∈ X.

Definition

A lower (an upper) bound a ∈ R of X is called a infimum (supremum) for
X, if for all lower (upper) bounds a′ for X holds a′ ≤ a (a′ ≥ a).

Theorem

If X is bounded from below (above), then it has an infimum (supremum).

Remark

If X is not bounded from below (above), then we will denote inf X = −∞
(supX = +∞).
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Definite Integral

Theorem

If f : [a, b]→ R is a bounded function, then it is integrable if and only if

lim
λ→0

n−1∑
i=0

ωi∆xi = 0,

where ωi = Mi −mi, Mi = sup
x∈[xi,xi+1]

f (x), mi = inf
x∈[xi,xi+1]

f (x).

Theorem

C [a, b] ⊂ R [a, b].

Theorem

If f ∈ C (a, b) and f is bounded in [a, b], then f ∈ R [a, b].
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